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Hypergraphs

® generalization of graphs
= hyperedges connect > 2 nodes

® graphs = dyadic (2-ary) relationships
® hypergraphs = (d-ary) relationships

® hypergraph H=(V, E,c, w)
® vertex set V = {1,..., n}
m edgeset EC P(V)\ 0
® node weights ¢ : V — R4
® edge weights w : E — R>¢
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¢-Balanced Hypergraph Partitioning Problem ﬂ("'

Partition hypergraph H = (V, E, ¢, w) into k disjoint blocks
IT={V,..., Vk} such that:

® blocks V; are roughly equal-sized:

o(V) < (1+¢) |42
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® connectivity objective is minimized:
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Zeecut(?\_” w(e)

\

connectivity:
# blocks connected by net e
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imbalance

B blocks V; are roughly equal-sized: r_ parameter
(V)

(V) < (1+¢) |4

® connectivity objective is minimized:

D ecotA—1) w(e) = 12

\

connectivity:
# blocks connected by net e

2  Sebastian Schlag — Memetic Multilevel Hypergraph Partitioning Institute of Theoretical Informatics



3

Applications

VLSI

Route Planning
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Applications ﬂ(".

Karlsruhe Institute of Technology

i ® hypergraph partitioning is NP-hard

® even finding good approximate solutions for graphs is NP-hard

L = our focus: solution quality )
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Taxonomy of Hypergraph Partitioning Tools

Recursive Bisection W (

Direct k-way

\.

MLPart
VLSI
PaToH hMetis-R . hMetis-K
Sparse
Matrices
Mondriaan
Zoltan parallel
Parkway
UMPa multi-objective
KaHyPar-R n-Level
KaHyPar-K
KaHyPar-CA

J
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The Multilevel (ML) Framework

Karlsruhe Institute of Technology

Input hypergraph

Coarsening
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The Multilevel (ML) Framework

Karlsruhe Institute of Technology

iInput hypergraph

Coarsening

ini .tlal_'
partitioning
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The Multilevel (ML) Framework AT

Karlsruhe Institute of Technology

output partition

iInput hypergraph

'~

y N
local search

Coarsening
Uncoarsening

||_1|.t|al_
partitioning
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The Multilevel (ML) Framework

iInput hypergraph

SKIT

Karlsruhe Institute of Technology

output partition

A

. e e e o o m
O) - c
C local search =
c D
2 %
# ©
o 3
O co ntractv ::)
— “global” view )
A \
~ initial
O
partitioning
Sebastian Schlag — Memetic Multilevel Hypergraph Partitioning Institute of Theoretical Informatics



5

The Multilevel (ML) Framework

input hypergrap “fine-grained”

view
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m e o o A
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initial
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Evolutionary Algorithm — Outline ﬂ(".

Karlsruhe Institute of Technology

Algorithm 1: Steady-State EA

create initial population P

while stopping criterion not fulfilled do
select parents /i, kL from P
recombine /; with k to offspring o
mutate offspring o

evict individual from P using o

return fittest individual
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Karlsruhe Institute of Technology
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Evolutionary Algorithm — Outline ﬂ(".

Karlsruhe Institute of Technology

Algorithm 1: Steady-State MA

create initial population P + local search

while stopping criterion not fulfilled do

select parents /i, kL from P memetic
recombine /; with k to offspring o
mutate offspring o + local search
evict individual from P using o

return fittest individual

@ O
O@®
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Evolutionary Algorithms for HGP ﬂ("'

Karlsruhe Institute of Technology

# Population  Recombination Mutation LS ML
Saab & Rao '89 K bin packing — rand. greedy — —
Hulin "91 2 rand. 2-point rand. — —
Bui & Moon ’94 2 rand. 5-point rand. FM —
Areibi ‘00 K rand. 3/4-point rand. KkFM —
Areibi & Yang '04 k rand./GRASP 3/4-point rand. KkFM —
Kim et al. '04 2 rand. 5-point rebalance FM —
Armstrong etal. 10 Kk rand./kFM 2-point rand. kFM —
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Individuals/Population
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| V]
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Evolutionary Algorithms for HGP ﬂ("'

Karlsruhe Institute of Technology
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2-point crossover

A7 A AR
NN NN
P» /=
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Evolutionary Algorithms for HGP ﬂ("'

Karlsruhe Institute of Technology
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random mutation
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Karlsruhe Institute of Technology
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Evolutionary Algorithms for HGP ﬂ("'

Karlsruhe Institute of Technology

# Population  Recombination Mutation LS |ML
Saab & Rao '89 K bin packing — rand. greedy — —
Hulin "91 2 rand. 2-point rand. — —
Bui & Moon ’94 2 rand. 5-point rand. FM —
Areibi '00 K rand. 3/4-point rand. | KFM —
Areibi & Yang '04 k rand./GRASP 3/4-point rand. | KFM —
Kim et al. '04 2 rand. 5-point rebalance FM —
Armstrong etal. 10 Kk rand./kFM 2-point rand. | kFM —

Algorithm 2: FM Local Search

while improvement found do A pass 1
while — done do T

find best move pass
( perform best move

cut

| rollback
|

rollback to best solution_| mO\}eS

—

can worsen solution
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Evolutionary Algorithms for HGP ﬂ("'

Karlsruhe Institute of Technology

# Population  Recombination Mutation LS |ML
Saab & Rao '89 K bin packing X rand. greedy X —
Hulin "91 2 rand. 2-point rand. X —
Bui & Moon ’94 2 rand. 5-point rand. FM —
Areibi ‘00 K rand. 3/4-point rand. KkFM —
Areibi & Yang '04 k rand./GRASP 3/4-point rand. KkFM —
Kim et al. '04 2 rand. 5-point rebalance FM -
Armstrong etal. 10 k rand./kFM 2-point rand. kFM —

® no usage of multilevel paradigm
® considered not competitive with state-of-the-art tools
® benchmarked on small & outdated hypergraphs
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Evolutionary Algorithms for HGP & Contributions ﬂ("'

Karlsruhe Institute of Technology

‘Our Contribution: )
first memetic multilevel HGP algorithm

= problem-specific recombine & mutation operators
= extensive experiments on large benchmark set )
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Memetic Multilevel HGP — Initial Population AT

stitute of Technology

generate initial population P

® individuals ~~ high-quality partitions of KaHyPar-CA |
4—1otal time
® dynamic population size [P| := max(3, min(50, 5 - 1))

® fitness: (A — 1) objective tuning param. \ time for 1 partition

398
‘lllii;:::> 370

425

442 366
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Memetic Multilevel HGP — Parent Selection ﬂ("'

Karlsruhe Institute of Technology

select individuals for recombination
® Two-Point Recombine = binary tournament selection

® Edge-Frequency Multi-Recombine = use [1/|P|] best

398
O 370

425

442 366
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Memetic Multilevel HGP - 2-Point Recombine (+ C)ﬂ("‘

Karlsruhe Institute of Technology
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Memetic Multilevel HGP - 2-Point Recombine (+ C)ﬂ("‘

Karlsruhe Institute of Technology

only contract vertices u, v iff
- hlu] = hIvlI A Blu] = k[v]

cluster /

® generalization from ML evolutionary GP

® cut nets remain in coarser hypergraphs

® cut nets retain connectivity A
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Memetic Multilevel HGP - 2-Point Recombine (+ C)ﬂ("‘

Karlsruhe Institute of Technology
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Memetic Multilevel HGP - 2-Point Recombine (+ C)ﬂ("‘

Karlsruhe Institute of Technology

cluster

skip initial partitioning
= offspring inherits solution of better parent
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Memetic Multilevel HGP - 2-Point Recombine (+ C)ﬂ("‘

Karlsruhe Institute of Technology
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Memetic Multilevel HGP - 2-Point Recombine (+ C)ﬂ("‘

arlsruhe Institute of Technology
0 9%
oo O

offsprlng o)

individual /5

individual /

ensures non-decreasing quality:
(A — 1)(0) < min((A — 1)(h), (A — 1)(k))
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Memetic Multilevel HGP — Multi-Recombine (+ER) ﬂ(l'l'

of Technology

Idea: frequently occurring cut nets likely part of high quality solutions

® lookatt = [+/|P|] bestindividuals
® compute edge frequency f(e) = |{/ € t|]A(e) > 1}
® prefer contractions of vertices incident to low frequency nets:

. 1 exp(—vyf(e))
fuv) = om 2o el
ec{l(v)Nl(u)}
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Memetic Multilevel HGP — Multi-Recombine (+ER) NI

Karlsruhe Institute of Technology

Idea: frequently occurring cut nets likely part of high quality solutions

® lookatt = [+/|P|] bestindividuals
® compute edge frequency f(e) = |[{/ € t|]\(e) > 1}
® prefer contractions of vertices incident to low frequency nets:

prefer light vertices—\ i r— of low-frequency nets ...
. 1 expl—yrie
)= qmam 2 el
ec{l(v)Nl(u)} ¥ .. with small size
large number ... — —v
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Idea: frequently occurring cut nets likely part of high quality solutions

® lookatt = [+/|P|] bestindividuals
® compute edge frequency f(e) = |{/ € t|]A(e) > 1}
® prefer contractions of vertices incident to low frequency nets:

prefer light vertices —\ i r— of low-frequency nets ...
i 1 exp(—vyf(e
r(u, v) = > Py

c(v)-c(u) e
ec{l(v)Nl(u)} el ¥ .. with small size
large number ... — —v

425 398 442 370 366
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Memetic Multilevel HGP - Multi-Recombine (+ER) ﬂ("'

Karlsruhe Institute of Technology

Idea: frequently occurring cut nets likely part of high quality solutions

® look at f = [1/|P|| best individuals
® compute edge frequency f(e) = |{/ € t|]A(e) > 1}
® prefer contractions of vertices incident to low frequency nets:

prefer light vertices 4 f 44— ... of low-frequency nets ...
r(u! V) = C(V)TC(U) Z exp(T;( (e))
ec{I(v)Nl(u)} ¥~ ... with small size
large number ... — v

370
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Memetic Multilevel HGP — Multi-Recombine (+ER) NI

iInput hypergraph

O)
c
c
D
N
P S5
C
O
&
v n g
o initial
partitioning
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Memetic Multilevel HGP - Multi-Recombine (+ER) Q(IT

Karlsruhe Institute of Technology

©/0 o5

iInput hypergraph

offspying o

4 )

® no input partition

® new initial partitioning

= NOo guarantee on quality

Q003
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Memetic Multilevel HGP - V-Cycle Mutation (+M) ﬂ("'

Karlsruhe Institute of Technology

[l » S I
5 o
S

contract within
blocks

Vv
match / cluster
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Memetic Multilevel HGP - V-Cycle Mutation (+M) ﬂ("'

Karlsruhe Institute of Technology

[l » S
S W
] mmmn|||||\\\\\\\|||\\\\\\|II“'“'"""""""llllmmnuluu\\\\\\\\\“““

use input partition as
initial partition
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Memetic Multilevel HGP - V-Cycle Mutation (+M) ﬂ("'

Karlsruhe Institute of Technology

individual mutated

A

A
local search

C } uncontract
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Memetic Multilevel HGP — V-Cycle Mutation (+M) NCIT

Karlsruhe Institute of Technology

mutated
indi\éa'dual

ensures non-decreasing quality:

(A — 1)(mut.)) < A — 1)(/))
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Memetic Multilevel HGP — V-Cycle Mutation (+M) NCIT
New Initial Partitioning

u » S
S 0
S
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Memetic Multilevel HGP — V-Cycle Mutation (+M) NCIT
New Initial Partitioning

u » S
S o
S

compute new
initial partition
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Memetic Multilevel HGP — V-Cycle Mutation (+M) NCIT
New Initial Partitioning

muigated

u » S
; m
L K. & i
=) gy
L] d n ELd | | lllll’llllln,,”””
I I l | I”III
N

§
s

y N
local search

—=
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Memetic Multilevel HGP — V-Cycle Mutation (+M) NCIT
New Initial Partitioning

iy 2
L. E -
= ity
[} [ ELl I Illmm/m,,,””
L
Indl\f'dua y

L

> ——
@ new initial partitioning

= No guarantee on quality
_—_—,——
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Memetic Multilevel HGP — Replacement Rule ﬂ("'

Karlsruhe Institute of Technology

evict | most similar to offspring o with connectivity(/) > connectivity(o)
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Memetic Multilevel HGP — Replacement Rule ﬂ("'

Karlsruhe Institute of Technology

evict | most similar to offspring o with connectivity(/) > connectivity(o)

similarity measure: d(/,0) = |D; © D,|
Dy, = {(e,m(e)) : e € Ey} symmetric
difference
m(e) = ()\(e) — 1)

multiset of cut nets
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Experiments — Benchmark Setup ﬂ(".

stitute of Technology

® system: Intel Xeon E5-2670 @ 2.6 Ghz, 64 GB RAM

® # hypergraphs: total subset
® SuiteSparse Matrix Collection 32 5
® SAT Competition 2014 (3 representations) 18-3 5-3
m |SPD98 & DAC2012 VLSI Circuits 14 5

m ke {24,8,16,32,64,128} with imbalance: ¢ = 3%
timelimit: 8h / instance
® 5 repetitions / instance

® comparing EVOHGP (KaHyPar-E) with:
@ KaHyPar-CA
® KaHyPar-CA + V-Cycles
® hMetis-R & hMetis-K
® PaToH-Default & PaToH-Quality
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Influence of Algorithmic Components

Karlsruhe Institute of Technology

Instance Subset

11000 -

10800

Algorithm

— KaHyPar-CA

- KaHyPar-CA-V

10600+ - EvoHGP+ER el

EvoHGP+C .
EvoHGP+C+ER

10400 4 - - — EvoHGP+C+Mjy 4
— EvoHGP+C+Mg 5
-— EvOHGP+C+ER+Mg 5

(A1)

mean min

1 10 100 500
normalized time ¢,,

16  Sebastian Schlag — Memetic Multilevel Hypergraph Partitioning Institute of Theoretical Informatics



EvoHGP vs. KaHyPar-CA & KaHyPar-CA-V AT

Karlsruhe Institute of Technology

All Instances

6600 - ,
Algorithm
1 — KaHyPar-CA
6500 ' - KaHyPar-CA-V
— EvoHGP+C+Mj 5

- - EvoHGP+C+ER+Mj 5

mean min (A — 1)
o)
V)
S
S

-
—
= e ——

1 10 100 1000 10000
normalized time ¢,,
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EvoHGP vs. KaHyPar-CA & KaHyPar-CA-V

SKIT

stitute of Technology

All Instances

mean min (A — 1)
o)
V)
S
S

Algorithm

— KaHyPar-CA

- KaHyPar-CA-V

— EvoHGP+C+Mj 5

- - EvoHGP+C+ER+Mj 5

\\
—
~~~
e e I T —

statistically significant w

-
—
~--—-—-—-—
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EvoHGP Improvment over KaHyPar-CA & -CA-V AT

stitute of Technology

KaHyPar-CA vs. EvoHGP  KaHyPar-CA-V vs. EvoHGP

k +C+Mgs +C+ER+My 5 +C+Mg 5 +C+ER+Mj 5
all 3.3% 3.4% 2.3% 2.4%
2 0.9% 0.9% 0.3% 0.4%
4 1.3% 1.4% 0.8% 1.0%
8 2.7% 2.9% 1.9% 2.0%
16 3.5% 3.6% 2.5% 2.6%
32 4.3% 4.6% 3.2% 3.5%
64 4.9% 5.0% 3.5% 3.6%
128 5.4% 5.4% 3.7% 3.7%

18  Sebastian Schlag — Memetic Multilevel Hypergraph Partitioning

Institute of Theoretical Informatics



Comparison with Best Non-Evo Algorithms ﬂ("'

Karlsruhe Institute of Technology

infeasible solutions
1.00 T
0.801 — \
— 0.604 ", ‘\ \
g 040 " 3 \
§ 0204 il \
< 0.10-
g 0.05 -
— 0.01 - g
\ \
0.00 -

10 25 50 100 200 300 500 700
# Instances

o

® hMetis-K ® KaHyPar-CA
Algorithm ® PaToH-D @ KaHyPar-CA-V
® hMetis-R ® EvoHGP+C+ER+Mg 5

19  Sebastian Schlag — Memetic Multilevel Hypergraph Partitioning Institute of Theoretical Informatics



Conclusion & Discussion ﬂ(".

Karlsruhe Institute of Technology

KaHyPar-E — memetic multilevel k-way HGP
® problem-specific recombination

@ problem-specific mutation o A“I

_ 63001 \ Kby Par CAV
Future Work: T 6400 L EreHOD OB oMo
® shared-memory parallelization £

£ 62001
® distributed-memory parallelization 6100- _

infeasible solutions i 110 1(l)() ' IOIOO IO(I)()O
(1)28 I s Tr—— normalized time %,,
- 0.60 1 ‘\

0.40
0204 e

R " KaHyPar-Framework
0014 "\\ \ Open-Source:

000- | http://kahypar.org |

1-(Best/Algorithm)
.'.

/ |

j

i 10 25 50 100 200 300 500 700
# Instances

hMetis-K ® KaHyPar-CA
Algorithm ® PaToH-D @ KaHyPar-CA-V
® hMetis-R ® EvoHGP+C+ER+Mj 5

20 Sebastian Schlag — Memetic Multilevel Hypergraph Partitioning Institute of Theoretical Informatics



	Hypergraphs
	Preliminaries
	The Multilevel (ML) Framework


