AT

Karlsruher Institut fur Technologie

Burrows Wheeler Transformation —
Algorithmen Il

Simon Gog — gog@kit.edu
http://algo2.iti.kit.edu/AlgorithmenII_WS17.php

Institut far Theoretische Informatik - Algorithmik Il

. YEE( new weight >= current weic il il
!priority queue. isReached( edge igarg‘et t;l.)-{r'untinemerror, e W T
COUNTING isti i -
( statistic data.inc( DijkstrastatisticDoats -

% ( statistic data inc( Di ‘ CSUCCESSrUR L Y my L ARED
B priorir esheiag i . JkstraStatisticOData - meac s _a.s M
| Y _queue.push( edge. target, new weight ). D mooes ) )
If( priority
(_qQueue.getCurren tKey(
/ : edge . Targe
SINWIINe( statistic dets. inc SI0C-LAIPEL ) » mww v

pPrior. TY —
jty, Quecue . decre.;ﬂ‘.' " g - H ‘i Do " o Tase g2 s o - -
s e : ca® ey -

Feee oo g

KIT — Universitat des Landes Baden-Widrttemberg und
nationales Forschungszentrum in der Helmholtz-Gemeinschaft



Burrows-Wheeler-Transformation T

Einfiihrung o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Burrows, Wheeler (1983, 1994)

® “nur” eine Umordnung des Textes,
— gruppiert Zeichen mit ahnlichem Kontext, reversibel

m urspringlich eingefthrt zur Textkompression
— Tellschritt von bzip2

® spater auch far Textindizierung verwendet
— z.B. Ruckwartssuche, Berechnung des LCP-Array
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Burrows-Wheeler-Transformation QAT
Wiederholung: Suffix-Arrays (und Suffixbaume) 777 e

m Textindizierung
—s schnelle Suche in Texten r=lalangngt

m kann in O(n) erzeugt werden
(DC3-Algorithmus)

Definition
m SA|/] = Index des i-ten sortierten Suffix
(einer Zeichenkette T)
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Suffixbaume) 7o

® Textindizierung
— schnelle Suche in Texten

m kannin O(n) erzeugt werden g $
-Algorithmus ngo
gngd
Definition ngng$
ek . . . angng$
m SA|/] = Index des i-ten sortierten Suffix langng$
siner Zeichenkette T alangng$
lalangng$
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Suffixbaume) 7o

® Textindizierung
— schnelle Suche in Texten

a kannin O(n) erzeugt werden alangng $
_Algorithmus angng$
: S
- gneg

Deflnlt!Ol‘Al | | | lalangngs$
m SA|/] = Index des i-ten sortierten Suffix langng$
. ngse
ngng$
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Su sumeY 000 ersberiuafurTenologs

® Textindizierung
— schnelle Suche in Texten SA

a kannin O(n) erzeugt werden alangng $ 2
)C3-Algorithmus angng3 |4
g g 3
. gneg 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7
ngngd |5
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Wiederholung: Suffix-Arrays (und Su sumeY 000 ersberiuafurTenologs

® Textindizierung
— schnelle Suche in Texten SA

a kannin O(n) erzeugt werden alangng $ 2
DC3-Algorithmus angng$ |4
g g 8
. gneg 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7
ngngd |5
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Wiederholung: Suffix-Arrays (und Su sumeY 000 ersberiuafurTenologs

® Textindizierung
— schnelle Suche in Texten SA

a kannin O(n) erzeugt werden alangng $ 2
DC3-Algorithmus angng$ |4
g g 8
. gneg 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Su sume) 00 (e nenforTinobge

® Textindizierung
— schnelle Suche in Texten SA

a kannin O(n) erzeugt werden alangng $ 2
N A L e angng $ 4
g g 3
. gneg 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7
ngngd |5
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Su sume) 00 (e nenforTinobge

® Textindizierung

— schnelle Suche in Texten SA
. $ |9
a kannin O(n) erzeugt werden @langng$ |2
N2 AlNArithm e @n gng $ 4
g g 3
. gneg 0
Def'n't!or) _ | _ lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7
ngngd |5
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Su sume) 00 (e nenforTinobge

® Textindizierung
— schnelle Suche in Texten SA

m kannin O(n) erzeugt werden ® ® 2
N A L e @n gng $ |4
g g 3
- gneg 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7
ngngd |5
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Su sume) 00 (e nenforTinobge

® Textindizierung
— schnelle Suche in Texten SA

® kannin O(n) erzeugt werden @langng $ 2
g g 3

— gng 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7

ngngd |5
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Burrows- Wheeler-Transformatlon \\(“‘
Wiederholung: Suffix-Arrays (und Su sume) 00 (e nenforTinobge

® Textindizierung
— schnelle Suche in Texten SA

® kannin O(n) erzeugt werden @langng $ 2
g g 3

— gng 0
Deflnlt!or) | | | lalangng$ v
m SAli| = Index des i-ten sortierten Suffix langng$ |3
siner Zeichenkette T ng$ |7

ngngd |5
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Burrows-Wheeler-Transformation QAT

Tra n sfo rm at i o n Karlsruher Institut fur Technologie

T=lalangngt$
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Burrows-Wheeler-Transformation T

Transformation rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
T=lalangngt
alangngtl
3 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation T

Transformation '"
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Burrows-Wheeler-Transformation T

Transformation "

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T=lalangngt
alangngt$l
langng % 1l a
angngd$lal
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Burrows-Wheeler-Transformation T

Transformation "
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T=lalangngt
alangngt$l
langng % 1l a
angngd$lal
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Burrows-Wheeler-Transformation T

Transformation "
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T=lalangngt
alangngt$l
1angng%la
angn%$1al
ngngodlala
gng$lalan
ng$lalang
g%lalangn
$lalangng
3 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation T

Transformation '"

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T=lalangng 3«10
alangngtl
1angng%la
angn%$1al
ngngodlala
gngdlalanT10
ng$lalang
g%lalangn
$lalangng«1®

m 7U) = T zyklisch ab Position i, Ldnge n = | T|
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Burrows-Wheeler-Transformation T

Transformation "

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T=lalangng 3«10 $lalangng
alangngtl alangng$l
1angng%la angngdlal
angn $1a1 sortiere Zeilen g$1a1angn
ngng%lala/\gng$lalan
gngdlalanT10 lalangngt
ng$lalang langngd$la
g%lalangn ng$lalang
$lalangng«1® ngngdPlala

m 7U) = T zyklisch ab Position i, Ldnge n = | T|
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Burrows-Wheeler-Transformation T

Transformation "

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T=lalangng 3«10 $1lalangn|g
alangngtl alangng $|1
1angng%la angngdlall
angn%$1al g¥lalangn
ngngdlala gng$lalan
gngdlalanT10 lalangng|$
ng$lalang langng$lla
g%lalangn ngdlalan|g
$lalangng«1® ngngdlalla

TBWT

m 7U) = T zyklisch ab Position i, Ldnge n = | T|

m 7 =1lalangng$ — TB8W' =glinngaga O(n? + nlog n)
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Burrows-Wheeler-Transformation T

Transformation "

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T=lalangng 3«10 $/1lalangn|ge 70
alangngtl allangng $|1
1angng%la alngng3dlall
angngdlal gl$lalangn
ngng%lala glng$lalan
gngdlalanT10 llalangng|$
ng$lalang llangng$lla
g%lalangn njlg$lalan|g
$lalangng«1® njgngd$lalla

F TEWT — [,

m 7U) = T zyklisch ab Position i, Ldnge n = | T|
® 7 =lalangng$ — TBWI = glinngaga O(n? + nlog n)
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Burrows-Wheeler-Transformation T

Eigenschaften "
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T=lalangngt$ $lalangng
alangng$l
angngdlal
g¥dlalangn
gng$lalan
lalangngt
langng$la
ng$lalang
ngngdlala
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Burrows-Wheeler-Transformation T

Eigenschaften "
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T=lalangngt$ $lalangng
alangng$l
angngdlal
g$lalangn

a BWT in O(n) berechenbar gngdlalan
lalangngt
langng$la
ng$lalang
ngngdlala
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Burrows-Wheeler-Transformation T

Eigenschaften

T=lalangngt$

a BWT in O(n) berechenbar

m Zeilen enthalten sortierte Suffixe

4 Gog:
Burrows Wheeler Transformation — Algorithmen |l
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$
alangngt
angng$

g3

gngd
lalangngt
langngt$
ngée
ngngs

Institut fur Theoretische Informatik
Algorithmik I



Burrows-Wheeler-Transformation T

Eigenschaften "

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

rT=lalangngé$ $
alangng$
angng$
g $
a BWT in O(n) berechenbar gngé$
lalangngl|$
m Zeilen enthalten sortierte Suffixe langng?
m Zeichen in letzer Spalte g 3
entspricht Zeichen vor Suffix in T ngneg 3
TBWT _ [
4 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation T

Eigenschaften "

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

SA

r=lalangngt$ $ 9

alangngt 2

angng$ 4

g $ 8

ma BWT in O(n) berechenbar gngd 0

lalangng|$ 1

m Zeilen enthalten sortierte Suffixe la g gngd 3

m Zeichen in letzer Spalte g 3 !

entspricht Zeichen vor Suffix in T ngneg 0

TBWT — I
o TEWT(i) = L[i] = T[SA[]] — 1]~ TS0,
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Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Ricktransformation — Voriiberlegungen "
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™T—-gllnn$aga $1lalangnl|g
alangng $|1
angngdlall
g$lalangn

m betrachte Matrix aus Transformation & 11 & $1alaln
lalangng|$
langngé$lla
ngdlalan|g
ngngdlalla

TBWT _ T,
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Burrows-Wheeler-Transformation T

Ricktransformation — Voruberlegungen s
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T™T—gllnn$aga $1lalangn|ge 7"
alangng $|1
angngdlall
g¥lalangn

m betrachte Matrix aus Transformation &g 11 g $1alaln

a erste Zeile enthalt Lésung T(") lalangng|$
langngé$lla
ngdlalan|g
ngngdlalla

TBWT _ T,
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Burrows-Wheeler-Transformation AT

Rucktransformation — Voruberlegungen

™T-gllnn$aga gle 7M™

1

1

n

m betrachte Matrix aus Transformation n
m erste Zeile enthalt Lésung T(") $

m TBWT — | gegeben a

g

a

TBWT _ [
5 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation AT

Rucktransformation — Voruberlegungen

™"7_gllnn$aga $ g T

a 1
a 1
g n
m betrachte Matrix aus Transformation |8 n
m erste Zeile enthalt Lésung T(7 1 $
m TBWT — | gegeben 1 a
m F leicht zu bestimmen (sortiere L n g
n a

Ja TBWT _ [
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Burrows-Wheeler-Transformation AT

Rucktransformation — Voruberlegungen

T™"T—gllnn$aga $ gle— T
a 1
a 1
g 1
m betrachte Matrix aus Transformation |& n
m erste Zeile enthalt Lésung T(") 1 $
m TBWT — [ gegeben 1 a
m F leicht zu bestimmen (sortiere [ n g
wm L ist immer Spalte vor F (zyklisch n a
F TEVT = [,
5 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation AT

Rucktransformation — Voruberlegungen

T™"T—gllnn$aga gl P 7O

lja
lja
nig
a betrachte Matrix aus Transformation nyg
m erste Zeile enthalt Lésung T(") $ 1
m TBWT — [ gegeben ajl
m F leicht zu bestimmen (sortiere [ glin
m L ist immer Spalte vor F (zyklisch alln
L F
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Rucktransformation — Voruberlegungen

T™"T—gllnn$aga gl'$ -« TW

1lla
1lja
nNg
m betrachte Matrix aus Transformation nig
m erste Zeile enthalt Lésung T(") B 1
m TBWT — [ gegeben ajll
m F leicht zu bestimmen (sortiere [ gln
wm L ist immer Spalte vor F (zyklisch alln
L F
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Rucktransformation — Voruberlegungen

™7T—-gllnn$aga gl'$ -« 7

llla
1lia
nNg
m betrachte Matrix aus Transformation nig
m erste Zeile enthalt Lésung T(") $| 1
m TBWT — [ gegeben alll
m F leicht zu bestimmen (sortiere [ gln
m List immer Spalte vor F (zyklisch alln
L F
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Burrows-Wheeler-Transformation QAT

R ll] ckt ra n sfo rm at i o n Karlsruher Institut fur Technologie

T™"T—gllnn$aga
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Rﬁcktransformation rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T™"T—gllnn$aga g
1
1
Il
m schreibe TBYT in Spaltenform g
a
g
a
TBWT
6 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation QAT

R ll] ckt ra n sfo rm at i o n Karlsruher Institut fur Technologie

T™"T—gllnn$aga

m schreibe TBYT in Spaltenform
m sortiere zeilenweise

H BB HHF0MRO LA
99redg 101z)9] YorU }I911I0S
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Burrows-Wheeler-Transformation T

Rﬁcktransformation rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T™W"T—gllnn$aga

m schreibe TBWT in Spaltenform
m sortiere zeilenweise
m schreibe TBWT in Spaltenform davor

pog VA BS B HHOY
B B HH0MROMK V A

~
=
5
T
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Burrows-Wheeler-Transformation QAT

R ll] ckt ra n sfo rm at i o n Karlsruher Institut fur Technologie

™T_-gllnn$aga $|1 ¢
a|l |z
an g
gl$ =
<
m schreibe TBYT in Spaltenform S| =
. . . lla &
m sortiere zeilenweise 1la /2
» schreibe TBWT in Spaltenform davor nlg ¢
a wiederhole bis | TBWT | mal sortiert nlg'=
F
6 Gog: Institut fur Theoretische Informatik
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Rucktransformation "
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T™W"T—gllnn$aga

m schreibe TBWT in Spaltenform

m sortiere zeilenweise

m schreibe TBWT in Spaltenform davor
» wiederhole bis | T8 | mal sortiert

PR PV &ABS B HHOY-
B B HHFMRORK LV OV H
o0y P P B &HB HH

~
=
3
T
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Burrows-Wheeler-Transformation AT

Rucktransformation

T™W"T—gllnn$aga

m schreibe TBWT in Spaltenform

m sortiere zeilenweise

m schreibe TBWT in Spaltenform davor
» wiederhole bis | T8 | mal sortiert

B A B H0Q 0B
99redq I103Z39[1)LIP YorU }ISI1IOS

=P B HFH0MM@ L P A
R0Q P B AB HH
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Rucktransformation ot
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T™W"T—gllnn$aga

m schreibe TBWT in Spaltenform

m sortiere zeilenweise

m schreibe TBWT in Spaltenform davor
» wiederhole bis | T8 | mal sortiert

PR VA BS B HHOY
B B HHF0M®ROMK VLV H
cB v BB HH
B B K M P

TBWT F
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Rucktransformation ot
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T™W"T—gllnn$aga

m schreibe TBWT in Spaltenform

m sortiere zeilenweise

m schreibe TBWT in Spaltenform davor
» wiederhole bis | T8 | mal sortiert

PR VA BS B HHOY
B B HHF0M®ROMK VLV H
cB v BB HH
B B K M P

TBWT F
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Burrows-Wheeler-Transformation T

Rucktransformation "
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™"T—gllnnd$aga $lalangng

alangng$l

angngdlal

g$lalangn

m schreibe TBWT in Spaltenform gngdlalan

| | | lalangng$

m sortiere zeilenweise langng $1 a

m schreibe TBWT in Spaltenform davor p g$lalang

m wiederhole bis |[T°"" | malsortiert ngng$lala
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Rucktransformation "
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™"T—gllnn$aga $lalangnge 170
alangng$l
angngdlal
g¥dlalangn

m schreibe TBYT in Spaltenform gngdlalan

_ _ _ lalangngt

m sortiere zeilenweise langng $ 1 a

» schreibe T°" in Spaltenformdavor n ¢ $ T alan g

m wiederhole bis |[T°"" | malsortiert ngng$lala

@ 78WT —glinngaga — T = lalangng$ O(n?log n)
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Burrows-Wheeler-Transformation AT

Riicktransformation — weitere Uberlegungen

T™"T—gllnn$aga g
T = 7 1
1
n
n
a
g
a
TBWT
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Burrows-Wheeler-Transformation AT

Riicktransformation — weitere Uberlegungen

T™"T—gllnn$aga g
T = $ 1
1
n
n
a
g
a
TBWT
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Rucktransformation — weitere Uberlegungen ''''''''''''''''''''''''''''''

T™"—gllnn$aga
T = [

m Wie lautet das Vorgangerzeichen?

PR VA B B HHOT

— last-to-front mapping LF|-] 7
TBWT
7 Gog: Institut fr Theoretische Informatik
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Riicktransformation — weitere Uberlegungen "
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T™"—gllnn$aga $ g
T = [ a 1
a 1
g n
m Wie lautet das Vorgangerzeichen? |8 1
— last-to-front mapping LF -] 1 7$
(Position in L[-] an der Vorganger steht) 1 a
n g
n a
F TBWT — I
m LF[6] =7
7 Gog: Institut fr Theoretische Informatik
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Burrows-Wheeler-Transformation T

Ruicktransformation — weitere Uberlegungen st
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™7T—-gllnn$aga She. ‘@
T — 7% al ..
a DN 1
g e n
m Wie lautet das Vorgangerzeichen? |8 o |n l
— last-to-front mapping LF|-] 1 &%
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Burrows-Wheeler-Transformation T

Was bringt die BWT? e

m bendtigt gleichen Platz, verwendet gleiche Zeichen wie T
— scheinbar keine Vorteile ?1?
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Burrows-Wheeler-Transformation QAUT
Was bringt die BWT? ot Tehnolg
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m bendtigt gleichen Platz, verwendet gleiche Zeichen wie T
— scheinbar keine Vorteile ?!?

® Permutation einfach umkehrbar
(bendtigt keine Zusatzinformationen, O(n))

m Zeichen mit ahnlichem Kontext gruppiert
— vereinfacht Komprimierung
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Was bringt die BWT? e
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— scheinbar keine Vorteile ?!?

® Permutation einfach umkehrbar
(bendtigt keine Zusatzinformationen, O(n))

m Zeichen mit ahnlichem Kontext gruppiert
— vereinfacht Komprimierung

m besonders gut auf Texten mit
vielen gleichen Substrings
— Beispiel: englischer Text

(u.a. viele “the”, ...)
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12 Gog: Institut fr Theoretische Informatik

Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Kompression e o Tehnolgi

gegeben: Text T
gesucht : komprimierter Text C

bzip2 (1996) o

® (Huffmann Kodierung) bznpz
m erzeuge Burrows-Wheeler-Transformation

® Move-To-Front (MTF) Kodierung

@ Huffmann Kodierung
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Burrows-Wheeler-Transformation AT

Kompression: Move-To-Front (MTF) Kodierung

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind
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Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung e
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@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
m durchlaufe TBWT (i — 1 1), generiere R[1..n]

® RJ[i] = Position von T8"T[jlin Y
» Schiebe TB"T]i] an den Anfang von Y

™W—gllnnagat
R= y=$agln
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Kompression: Move-To-Front (MTF) Kodierung e
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Ablauf
m initialisiere Y mit Alphabet von T8WT
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™W—gllnnagat
R=3 y=$agln

14 Gog: Institut fur Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung e
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Ablauf
m initialisiere Y mit Alphabet von T8WT
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Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung e
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@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
m durchlaufe TBWT (i — 1 1), generiere R[1..n]

® RJ[i] = Position von T8"T[jlin Y
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Kompression: Move-To-Front (MTF) Kodierung 7777 ™
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Burrows-Wheeler-Transformation AT

Kompression: Move-To-Front (MTF) Kodierung 7777 ™

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
m durchlaufe TBWT (i — 1 1), generiere R[1..n]
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Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung 7777 ™

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
m durchlaufe TBWT (i — 1 1), generiere R[1..n]

® RJ[i] = Position von T8"T[jlin Y
» Schiebe TB"T]i] an den Anfang von Y

$agln
_ g$aln
TBWT_gllnnaga$ 1g$an
rR=341 y=1g$an

14 Gog: Institut fur Theoretische Informatik

Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung 7777 ™

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
m durchlaufe TBWT (i — 1 1), generiere R[1..n]

® RJ[i] = Position von T8"T[jlin Y
» Schiebe TB"T]i] an den Anfang von Y

$agln

_ g$aln
TBWT_gllnnaga$ 1g$an
rR=341 .. y=1lg$an

14 Gog: Institut fur Theoretische Informatik

Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung e

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf

a initialisiere Y mit Alphabet von TBWT 3 s & :1L .

a durchlaufe TBWT , generiere R[1..n] % g$an

® RJ[i] = Position von T8"T[jlin Y lg$an

» Schiebe TB"T]i] an den Anfang von Y nlg$a

nlg9a

anlgt

BWT __ g a Il 1 $

™W—gllnnagat 2enl$

R=341515425 y=$agnl
14 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung e

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
m durchlaufe TBWT (i — 1 1), generiere R[1..n]

® RJ[i] = Position von T8"T[jlin Y
» Schiebe TB"T]i] an den Anfang von Y

TB"Ir'—a aaabbbbccccd

R— Y=abcd

14 Gog: Institut fur Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Kompression: Move-To-Front (MTF) Kodierung e

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

@ nutzt lokale Redundanz
m erzeugt kleine Zahlen far gleiche Zeichen, die nahe beieinander sind

Ablauf
m initialisiere Y mit Alphabet von T8WT
» durchlaufe T8WT (i — 1 n), generiere R[1..n]
® RJ[i] = Position von T8"T[jlin Y abcd
a Schiebe TBWT[j] an den Anfang von Y 5
bacd
T™WW"T=a aaabbbbccccd c’t?ad
rR=1111211131114 vy=dcba
14 Gog: Institut fur Theoretische Informatik

Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation AT

Kompression: Huffmann Kodierung

a prafixfreie Codes variabler Lange
m konnen greedy konstruiert werden

15 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation AT

Kompression: Huffmann Kodierung

a prafixfreie Codes variabler Lange
m konnen greedy konstruiert werden

Ablauf
®m erzeuge binaren Baum bottom-up

® nimm seltenste 2 Zeichen(-gruppen)
® erzeuge neuen Knoten, der beide Zeichen(-gruppen) reprasentiert,
neue Haufigkeit = Summe beider Haufigkeiten

® Beschriftungen der Baumkanten (links:0, rechts:1)
ergeben Zeichenkodierungen

15 Gog: Institut fur Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

16 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation

Kompression: Huffmann Kodierung

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

Symbol | Haufigkeit

PPN -
CLODNO M — DO

16 Gog:
Burrows Wheeler Transformation — Algorithmen |l

I
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Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung |

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

Symbol | Haufigkeit

PPN -
CLODNO M — DO

16 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

Symbol | Haufigkeit

PPN -
CLODNO M — DO

16 Gog:
Burrows Wheeler Transformation — Algorithmen |l
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Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

Symbol | Haufigkeit

PPN -
CLODNO M — DO

16 Gog:
Burrows Wheeler Transformation — Algorithmen |l
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Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

rT=lalangngt$

rR=341515425

Symbol | Haufigkeit (5)
1 2 0
2 1 (4) (2) 1
3 1 o/ \ 1 o/ \ 1
4 2 @4 @ O O (3)
S} 3 4 1 2 3 5

16 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

Symbol | Haufigkeit

PPN -
CLODNO M — DO

16 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation

Kompression: Huffmann Kodierung

T N
|

w
=

N
o1
.
o109
N
N0gQ
o1&~

Symbol | Haufigkeit| Code
1 2 |01
2 1 100
3 1 101
4 2 |00
5 3 111

16 Gog:
Burrows Wheeler Transformation — Algorithmen |l

I

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Institut fur Theoretische Informatik
Algorithmik I



Burrows-Wheeler-Transformation T

Kompression: Huffmann Kodierung o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Symbol | Haufigkeit| Code
1 2 |01
2 1 ]100
3 1 |101
4 2 100
5 3 111
16 Gog: Institut fur Theoretische Informatik
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Burrows-Wheeler-Transformation

Kompression: Huffmann Kodierung

rT=lalangngt$

100 00100 00 11 01 11 01101 21 Bits

Symbol | Haufigkeit| Code
$ I 101
a 2 100
g 2 101
1 2 1100
n 2 111
16 Gog:

Burrows Wheeler Transformation — Algorithmen |l

SKIT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
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Burrows-Wheeler-Transformation QAT

Z usammen fass un g Karlsruher Institut fir Technologie

m erzeugt (sinnvolle) Permutation der Eingabe
(gruppiert Zeichen mit ahnlichem Kontext nahe beieinander)

m keine Zusatzinformation flr Rlcktransformation notig
(alle Informationen in Struktur der Permutation)

a Hin- und Ricktransformation in O(n)
(einfache Papier-und-Bleistift-Methode existiert auch)

m Vorverarbeitung (statischer) Texte
(Komprimierung, Indizierung, Suche)

17 Gog: Institut fir Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Suche in der QAT
Burrwos-Wheeler-Transformation

Karlsruher Institut far Technologie

Ferragina &Manzini (2000)

» Index basierend auf der Burrows-Wheeler-Transformation (BWT)
» Vergleich des Musters von rechts nach links
m Zeitkomplexitat: O(mlog o)

BWTi] = T[SAli] — 1 mod n|
Unkomprimierte Grof3e: nlog o Bits
Komprimierte GréBe: nHy(7) Bits (+Kontextinformation)

18 Gog: Institut fur Theoretische Informatik
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Backward Search

i SA[li] BWT TI[SA|i]..n—1]
0 18 a $
1 17 r ad
2 10 r abarbara$
3 7 d abrabarbara$
4 0 9 abracadabrabarbara$
5 3 r acadabrabarbara$
6 5 ¢ adabrabarbara$
7 15 b ara$
8 12 b arbara$
9 14 r bara$
10 11 a barbara$
11 8 a brabarbara$
12 1 a bracadabrabarbara$
13 4 a cadabrabarbara$
14 6 a dabrabarbara$
15 16 a ra$
16 9 b rabarbara$
17 2 b racadabrabarbara$
18 13 a rbara$
19 Gog:

Burrows Wheeler Transformation — Algorithmen |l

» BWTJ/
SA[i
» BWTJ/

SA[/]

/

I..

=T
>0

=T
0

AT

Karlsruher Institut far Technologie

SAli] — 1], for

n— 1], for

m l.e. BWT]i] is the character
preceding suffix SA|/]

Institut fur Theoretische Informatik
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Backward Search

BWT T[SA[i]..n—1]

i
0 a $
1 r ad
2 T abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b ara$
8 b arbara$
9 r bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
20 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

Array C contains for each ¢ € &
the position of the first suffix in

SA which starts with c:
$ a b C d rr+1

o 1 9 13 14 15 19

a Operation rank(i, X, BWT)
returns how often character
X € X occurs in the prefix
BWT|0..i —1].

a Example: search for ‘P = bar.

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a P
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$
9 r bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
21 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Initial interval: [spg, epg| = [0..n — 1]

Determine interval for r:
sp1 = C|r|+rank(spg, r, BWT)
epy = C|r|+rank(epy+1,r, BWT)—1

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a P
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$
9 r bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
21 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Initial interval: [spg, epg| = [0..n — 1]

Determine interval for r:
sp1 = 15+rank(0, r, BWT)
epy = 15+rank(19,r, BWT)

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a P
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 Ir acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$
9 Ir bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 |a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 la rbara$
21 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Initial interval: [spg, epg| = [0..n — 1]

Determine interval for r:
spy = 15+0
epy = 15+4rank(19,r, BWT) — 1

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$
9 r bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
21 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C

$ a b ¢ d r
O 1 9 13 14 15

Search backwards for bar.
Initial interval: [spg, epg] = [0..n — 1]

Determine interval for r:
spi = 15+0 =15
epy =15+4 -1 =18

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$ O
9 r bara$ a
10 a barbara$
11 a brabarbara$ O
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
22 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spy, epy] = [15..18]

Determine interval for ar:
spo> = Cla]+rank(spy, a, BWT)
epo = Clal+rank(epi+1,a BWT)—1

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$ O
9 r bara$ a
10 a barbara$
11 a brabarbara$ O
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
22 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spy, epy] = [15..18]

Determine interval for ar:
spo = 1+rank(15, a, BWT)
ep> = 1-+rank(epq, a, BWT)

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b ara$
8 b arbara$
9 Ir bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 la dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
22 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C

$ a b ¢ d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spy, epy] = [15..18]

Determine interval for ar:
spo = 1+rank(15, a, BWT)
ep> = 1-+rank(epq, a, BWT)

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b ara$
8 b arbara$
9 Ir bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 |a dabrabarbara$
15 |a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
22 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C

$ a b ¢ d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spy, epy] = [15..18]

Determine interval for ar:
Sp> = 146
epo = 1+rank(19,a BWT) — 1

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$
7 b arad
8 b arbara$ O
9 r bara$ a
10 a barbara$
11 a brabarbara$ O
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
22 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spy, epi] = [15..18]

Determine interval for ar:
Spp =146 =7
epo =1+8—-1=28

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 cC adabrabarbara$
7 Db arad
8 b arbara$ C
9 r bara$ -
10 a barbara$
11 a brabarbara$ a
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
23 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b ¢ d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spo, epo| = [7..8]

Determine interval for bar:
sps = C|b]+rank(sp», b, BWT)
epz = C|b]+rank(epo+1, b, BWT)—1

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 cC adabrabarbara$
7 Db arad
8 b arbara$ C
9 r bara$ -
10 a barbara$
11 a brabarbara$ a
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
23 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b ¢ d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [spo, epo| = [7..8]

Determine interval for bar:
sp3 = 9+rank(7, b, BWT)
eps = 9+rank(epq, b, BWT)

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]

0 [ $

1 r ad

2 r abarbara$

3 d abrabarbara$

4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 c adabrabarbara$

7 Db arad

8 b arbara$

9 r bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$

23 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C

$ a b ¢ d
O 1 9 13 14 15

Search backwards for bar.
Interval: [spo, epo| = [7..8]

Determine interval for bar:
sp3 = 9+rank(7, b, BWT)
eps = 9+rank(epq, b, BWT)

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]

0 a $

1 r ad

2 r abarbara$

3 d abrabarbara$

4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 C adabrabarbara$

7 b ara$

8 b arbara$

9 r bara$
10 a barbara$
11 a brabarbara$
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$

23 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C

$ a b ¢ d
O 1 9 13 14 15

Search backwards for bar.
Interval: [sp», epo| = [7..8]

Determine interval for bar:
sp3 = 9+0
eps = 9+rank(9, b, BWT)—1

Institut fur Theoretische Informatik
Algorithmik I



Backward Search

i BWT TI[SA[i].n—1]
0 a $
1 r ad
2 r abarbara$
3 d abrabarbara$
4 $ abracadabrabarbara$
5 r acadabrabarbara$
6 cC adabrabarbara$
7 Db arad
8 b arbara$ W
9 r bara$ a
10 a barbara$
11 a brabarbara$ O
12 a bracadabrabarbara$
13 a cadabrabarbara$
14 a dabrabarbara$
15 a ra$
16 b rabarbara$
17 b racadabrabarbara$
18 a rbara$
23 Gog:

Burrows Wheeler Transformation — Algorithmen |l

AT

Karlsruher Institut far Technologie

C
$ a b c d r
O 1 9 13 14 15

Search backwards for bar.
Interval: [sps, epo| = [7..8]

Determine interval for bar:
Sp3 =94+0=9
ep3 =94+2—-1=10

Institut fur Theoretische Informatik
Algorithmik I



Backward Search AT

S u m m a ry Karlsruher Institut far Technologie

m Only C and a data structure R supporting the rank operation on BWT
are required for existence and count queries.

m Space: clog n bits for C + space for R

a Time: O(m- tank ), Where tr4p is time for one rank operation.
Independent from n?

@ Next: How to implement rank?

Rank operation

= Constant time and o(n) extra space solution on bitvectors
(Jacobson 1989)

» Solution on general sequences: Wavelet Tree
(Grossi & Vitter 2003)

24 Gog: Institut fir Theoretische Informatik
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Backward Search AT

S u m m a ry Karlsruher Institut far Technologie

m Only C and a data structure R supporting the rank operation on BWT
are required for existence and count queries.

m Space: clog n bits for C + space for R

a Time: O(m- tank ), Where tr4p is time for one rank operation.
Independent from n? If 5, is independent from n

® Next: How to implement rank?

Rank operation

= Constant time and o(n) extra space solution on bitvectors

(Jacobson 1989)

» Solution on general sequences: Wavelet Tree
(Grossi & Vitter 2003)

24 Gog: Institut fir Theoretische Informatik
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Wavelet Tree Example: Calculate Rank AT

Karlsruher Institut far Technologie

arrd$rcbbraaaaaabba

0111011001000000000
/ AN
= N
a$bbaaaaaabba rrdrcr
0011000000110 110101
/ /
> \\z\ > «\ a = 001
a$aaaaaaa e dc N
101111111 10
J ) I
/N VA
$ aaaaaaaa C d

rank(11,a, WT) =
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Wavelet Tree Example: Calculate Rank AT

Karlsruher Institut far Technologie

arrd$rcbbraaaaaabba

0111011001000000000
/ AN
= N
a$bbaaaaaabba rrdrcr
0011000000110 110101
/ /
> \\z\ > «\ a = 001
a$aaaaaaa e dc N
101111111 10
J ) I
/N VA
$ aaaaaaaa C d
rank(11,a, WT) = rank(11,0,b:) =5
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Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Wavelet Tree Example: Calculate Rank AT

Karlsruher Institut far Technologie

arrd$rcbbraaaaaabba

0111011001000000000
/ AN
A NN
a$bbaaaaaabba rrdrcr
0011000000110 110101
/ /
> \\z\ > «\ a = 001
afaaaaaaa e dc N
101111111 10
I\ I
/o /N
$ aaaaaaaa C d
rank(11,a, WT) = rank(rank(11,0,b:) =5,0,by) = 3
25 Gog: Institut fur Theoretische Informatik
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Wavelet Tree Example: Calculate Rank [T

arrd$rcbbraaaaaabba

0111011001000000000
/ AN
A N
a$bbaaaaaabba rrdrcr
0011000000110 110101
/ /
> \\z\ > «\ a = 001
ﬂ aaaaaa bbbb dc -
111111 10
" I
/o /N
$ aaaaaaaa C d

rank(11,a, WT) = rank(rank(rank(11,0,bs) =5,0,bg) = 3,1, bgg) =
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o(n) space / constant query time AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Given bitvector B of length n bits
Divide B into superblocks of size L

m
o
m For each superblock SB; store Z(f 1)L "B]i] in log n bits
o

Divide each superblock into blocks of size S
(j—1)L+kS—1
i=(j—1)L 5
If blocks are small enough, we can pre-compute a table which stores all
answers for every block and position (four Russian-Tick).

m For each block By of superblock j store X li] in log L bits

m L=log?n
m S=llogn

4 nloglogn 4\ /njog nloglog n) bits

log n

Final space: O(=_

log n
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Huffman-shaped Wavelet Tree AT

Karlsruher Institut far Technologie

arrd$rcbbraaaaaabba

1000000000111111001
/
S \57
rrd$rcbbrbb \\
addaadaadaaa
11001000100
/Q/ N, Char ¢ codeword(c)
d$cbbbb \ $ 00000
rrrr a 1
0001111
AN b 001
\ ¢ 00001
e bbbb d 0001
100
[\ r 01
TR
$c p
01
4\
[\
$ C

Avg. depth: Hy(BWT). Total space: ~ nHy + 20 log n bits
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Practical Performance of FM-Index AUT

Karlsruher Institut far Technologie

26 S. GOG AND M.PETRI
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; u | | 4
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|
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Figure 10. Count time and space of our index implementations on input instances of different size with
compression effectiveness baselines using standard compression utilities XZ and GZIP with option --best.
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Succinct Data Structures AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

A succinct data structure uses space ,close” to the information-theoretical
lower bound, but still supports operations time-efficiently.

Let L be the information-theoretical lower bound to represent a class of
objects. Then a data structure which still supports time-efficient
operations is called

a implicit, if it takes L + O(1) bits of space
m succinct, if it takes L 4 o(L) bits of space
m compact, if it takes O(L) bits of space
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Succinct representation of trees AT

Karlsruher Institut far Technologie

m First consider binary trees
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Succinct representation of trees AT

Karlsruher Institut far Technologie

m First consider binary trees
;

a Number of n-node binary trees: Cp = — (

2n
n+1 )

n
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Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m First consider binary trees

® Number of n-node binary trees: C, = ,71?(2,,,”)

m We need log C, = 2n+ o(n) bits (using Sterling’s Approximation)
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Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m First consider binary trees

= Number of n-node binary trees: C, = -1+ (°7)

m We need log C, = 2n+ o(n) bits (using Sterling’s Approximation)
a Operations: parent(v), leftchild(v), rightchild(v)

30 Gog: Institut fur Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m First consider binary trees

= Number of n-node binary trees: C, = 15 (37

a We need log C, = 2n+ o(n) bits (using Sterling’s Approximation)
a Operations: parent(v), leftchild(v), rightchild(v)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
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Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m First consider binary trees

= Number of n-node binary trees: C, = 15 (37

a We need log C, = 2n+ o(n) bits (using Sterling’s Approximation)
a Operations: parent(v), leftchild(v), rightchild(v)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
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Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m In a very balanced binary tree (like in a heap) operations are easy
m Let 0 be the root identifier

m parent(v) = | %51 forv >0

m Jeftchild(v) = 2v 4 1

m rightchild(v) = 2v + 2

31 Gog: Institut fur Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



Child operation in detail AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m Leté(v) be the distance of a node v to the root node
a Pv):={w|d(w) <5Vv)Aw< v}
a Note: |P(v)|=v
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Child operation in detail AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

 w=leftchild(v)
a Mark P(v)

m Leté(v) be the distance of a node v to the root node
a Pv):={w|d(w) <5Vv)Aw< v}
a Note: |P(v)|=v
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Child operation in detail AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

~ w=leftchild(v)

a Mark P(v)
~ m P(w) = {children of
1 P(v)}uU

m Leté(v) be the distance of a node v to the root node
a Pv):={w|d(w) <5Vv)Aw< v}
a Note: |P(v)|=v
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Child operation in detail AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

~ w=leftchild(v)

a Mark P(v)
~ m P(w) = {children of
1 P(v)}U {root}

m Leté(v) be the distance of a node v to the root node
a Pv):={w|d(w) <5Vv)Aw< v}
a Note: |P(v)|=v
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Child operation in detail AT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

~ w=leftchild(v)

~ m Mark P(v)

~m P(w) = {children of
~ P(v)}uU{root}

. m wis at position

- |PW)| =

2P(v) +1=2v+1

m Leté(v) be the distance of a node v to the root node
a Pv):={w|d(w) <5Vv)Aw< v}
a Note: |P(v)|=v
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Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Probelm with previous approach:
For unbalanced trees the space would be 29 bits, where d is the
maximum depth of a node.

. Mark all the nodes of the tree with a 1.
. Add external nodes to the tree, and mark them all with 0-bits.

Read off the bits marking the nodes of the tree in (left-to-right)
level-order.
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Succinct representation of trees AT

Karlsruher Institut far Technologie

rank(0,1,b) =0

1 2

rank(1,1,b) = 1 - rank(2,1,b) =2
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Succinct representation of trees T

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

® b contains n set bits and is of length 2n+ 1.
® A node is represented by the positon of its corresponing 1-bit in b.

m Jeftchild(v) = 2 - rank(v) + 1
m rightchild(v) = 2 - rank(v) + 2
m parent(v) also possible in constant time (homework)

m Total space (including rank and select): 2n+ o(n) bits

Jacobson also considered rooted, ordered tree with degree higher than 2.
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LOUDS - level order unary degree AT
Sequence rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
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LOUDS - level order unary degree QAT
sequence o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

(O <«—— pseudo root

—
AN
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LOUDS - level order unary degree QAT

sequence

Karlsruher Institut far Technologie

unary encoding of out degree — 010 <«—— pseudo root

nnn4'
- \
001 @ 1@—01@
/ \ - UL
01@ 01 @ 1@
U4l U4l L
1@ 1@
L L

36 Gog:
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LOUDS - level order unary degree AT
Seq uence

unary encoding of out degree — 01() <«—— pseudo root

faYaYaX:|
Y
\V)

001@ 1@—01@
/ J- J-

f\‘l. o | 4
U4l W N L
1 4
@ @

LOUDS sequence = 0100010011010101111
(concatenation of unary codes in level order)
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LOUDS - level order unary degree QAT
sequence o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

® Each node (excpet the pseudo root) is represented twice

® Once as ,0” in the child list of its parent
m Once as the terminal (,,17) in its child list

m Represent node v by the index of its corresponding ,,0”
m l.e. root corresponds to ,,0”
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LOUDS - level order unary degree QAT
sequence o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

00 is_leaf(v)

01 id < rank(v,0, LOUDS)

02  p <+ select(id+ 2,1, LOUDS)
03 if LOUDS|p— 1] =1 then

04 return true

05 return false

00 out_degree(v)

01 if is_leaf(v) then

02 return O

03  id + rank(v,0,LOUDS)

04  return select(id + 2,1, LOUDS) — select(id + 1,1, LOUDS) — 1
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LOUDS - level order unary degree QAT
sequence o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Get i-th child (i € [1, out_degree(v)|) of v and parent:

00 child(v,i)

01 if i > out_degree(v) then

02 return L

03  id < rank(v,0, LOUDS)

04  return select(id+ 1,1, LOUDS) + i

00 parent(v)

01 if is_root(v) then

02 return L

01  pid < rank(v,1, LOUDS)

04  return select(pid, 0, LOUDS)
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LOUDS - level order unary degree QAT
sequence o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m Total space for LOUDS representation is 2n+ 1 + o(n) bits
m All operations take constant time

40 Gog: Institut fur Theoretische Informatik
Burrows Wheeler Transformation — Algorithmen |l Algorithmik I



