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Exercise 1 – Lower bounds for randomized sorting
Let 𝑛 ∈ N and Inputs be the set of all permutations of {1, . . . , 𝑛}. Let Algos be the set of all
comparison-based deterministic sorting algorithms.

(i) Give an 𝐴 ∈ Algos (without proof) with max
𝐼∈Inputs

𝐶 (𝐴, 𝐼 ) = O(𝑛 log𝑛).

(ii) Warm-up: For 𝑛 = 3 there exists a randomized algorithmA that beats every determin-
istic algorithm in the following sense:

min
𝐴∈Algos

max
𝐼∈Inputs

𝐶 (𝐴, 𝐼 ) = 3 > 2 + 2
3 = max

𝐼∈Inputs
E𝐴∼A [𝐶 (𝐴, 𝐼 )] .

Our plan in the following is to show that this advantage disappears in O-notation.

(iii) Show that there is no “hard input”, that is, that the following holds:

max
𝐼∈Inputs

min
𝐴∈Algos

𝐶 (𝐴, 𝐼 ) = 𝑛 − 1.

In order to immediately focus on the best possible cost for an input distribution, we need
some preparation:

(iv) Show that in a binary tree with 𝑘 leaves, the average depth of a leaf is at least ⌊log2(𝑘)⌋.
Hint: To do so, show that the average leaf depth is minimal for balanced trees; more
precisely, that any tree in which the leaf depths differ by at least 2 can be rearranged
such that the average leaf depth decreases while the number of leaves remains the same.

(v) Now conclude using Yao’s principle that:

min
A dist. on Algos

max
𝐼∈Inputs

E𝐴∼A [𝐶 (𝐴, 𝐼 )] = Ω(𝑛 log𝑛).
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Solution 1
(i) Mergesort.

(ii) We first show the left equality. Let 𝐴 ∈ Algos be arbitrary. On input 𝐼 = (𝑥,𝑦, 𝑧) we
may assume, by symmetry (between the elements), that 𝐴 first compares 𝑥 and 𝑦 and
finds 𝑥 < 𝑦. By symmetry (between < and >) we may assume that it next compares 𝑥
and 𝑧. Now it may be the case that 𝑥 < 𝑦 and 𝑥 < 𝑧 hold; then the order of 𝑦 and 𝑧

is still undetermined and another comparison is necessary. Hence there exists an input
𝐼 such that 𝐶 (𝐴, 𝐼 ) = 3. Therefore max𝐼∈Inputs𝐶 (𝐴, 𝐼 ) = 3. Since 𝐴 was arbitrary, this
implies:

min
𝐴∈Algos

max
𝐼∈Inputs

𝐶 (𝐴, 𝐼 ) = 3.

A randomized algorithm can “guess” which element is the middle element and compare
the other two elements with it. If the algorithm guessed correctly, the complete order
is determined after two comparisons. Otherwise, a third comparison is necessary. This
A satisfies E𝐴∼A [𝐶 (𝐴, 𝐼 )] = 1

3 · 2 +
2
3 · 3 = 2 + 2

3 for every input 𝐼 , as desired.

(iii) The order of “min” and “max” allows us to tailor the algorithm to the input 𝐼 . Let 𝜋 be
the permutation1 that sorts 𝐼 . We define 𝐴 depending on 𝐼 as follows:

Algorithm 𝐴(𝐼 ′):
swap elements of 𝐼 ′ according to 𝜋
fail← false
for 𝑖 = 1 to 𝑛 − 1 do // check whether sorted

if 𝐼 ′[𝑖] > 𝐼 ′[𝑖 + 1] then
fail← true
break

if fail then
MergeSort(𝐼 ′)

We have to consider three things:
The algorithm is correct, i.e. 𝑨 ∈ Algos. This is clear: The algorithm first reorders

its input 𝐼 ′ according to 𝜋 and checks whether 𝐼 ′ is sorted as a result. If so, it does
nothing further; otherwise, it uses MergeSort.

The algorithm is fast for 𝑰 . If the input 𝐼 ′ coincides with 𝐼 (the input to which 𝐴 is
tailored), then 𝐼 ′ is sorted after the swaps according to 𝜋 . Then only the 𝑛 − 1
comparisons of the loop are needed to verify this.

It cannot be done any faster. Suppose fewer than 𝑛 − 1 comparisons were made.
Consider the graph 𝐺 = ( [𝑛], 𝐸) that contains an edge between 𝑖 and 𝑗 if the
𝑖th element of the input was compared with the 𝑗th element of the input. Since

1By “permutation” one sometimes means an ordering of a set (as at the beginning of the exercise), sometimes
an operator that reorders a given sequence (this is what is meant here).
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|𝐸 | < 𝑛 − 1, 𝐺 is disconnected. Hence the relative order of these connected com-
ponents is not determined. (Formally: If one input is consistent with the informa-
tion of the decision tree, then so is another input. Thus the algorithm does not yet
“know” what the input was, which is necessary in order to construct the output.)

(iv) Let 𝑇 be a binary tree with 𝑘 leaves and minimal average leaf depth. Then 𝑇 is a full
binary tree, i.e. every vertex has 0 or 2 children (reason: internal vertices with only one
child can be removed and the average leaf depth can be reduced). Let 𝐿 and 𝐿′ be the
maximum andminimum depth of a leaf in𝑇 , respectively. We now show that 𝐿′ ≥ 𝐿−1.
Suppose this is not the case; then 𝐿′ ≤ 𝐿 − 2. Let ℓ1 be a leaf at depth 𝐿 and let ℓ2 be its
sibling (which exists because 𝑇 is full), which must also be a leaf (by choice of 𝐿 as the
maximum depth). Let ℓ′ be a leaf at depth 𝐿′. We now reattach ℓ1 and ℓ2 and make them
children of ℓ′. This again yields a binary tree. The sum of leaf depths changes for the
following reasons:

• The leaves ℓ1 and ℓ2 now have depth 𝐿′ + 1 instead of 𝐿.
• The vertex 𝑝 , which was the parent of ℓ1 and ℓ2, is now a leaf of depth 𝐿 − 1.
• The vertex ℓ′ at depth 𝐿′ is no longer a leaf.

Thus the sum of leaf depths changes by

2((𝐿′ + 1) − 𝐿) + (𝐿 − 1) − 𝐿′ = 𝐿′ − 𝐿 + 1 ≤ 𝐿 − 2 − 𝐿 + 1 = −1,

i.e. it has decreased. Hence the average leaf depth has decreased, which contradicts the
choice of 𝑇 .
Therefore 𝐿′ ≥ 𝐿 − 1, i.e. the leaf depths differ by at most 1. If the average leaf depth of
𝑇 were less than ⌊log2(𝑘)⌋, then at least one leaf would have depth less than ⌊log2(𝑘)⌋
and all leaves would have depth at most ⌊log2(𝑘)⌋. Hence there would be fewer than
2⌊log2 (𝑘)⌋ ≤ 𝑘 leaves—a further contradiction.
Thus 𝑇 has average leaf depth at least ⌊log2(𝑘)⌋. Since 𝑇 was chosen to have minimal
average leaf depth, this also holds for all other binary trees.

(v) Consider the decision tree 𝑇𝐴 describing an arbitrary 𝐴 ∈ Algos. Without loss of gen-
erality, we consider only algorithms that perform a comparison “𝑥 < 𝑦” only if both
“true” and “false” are still possible outcomes, i.e. every computation path is followed by
at least one input. This means that 𝑇𝐴 is a full binary tree. For each of the 𝑛! possible
inputs, a different permutation of the elements is required; hence each input must lead
to a different leaf in𝐴. Thus𝐴 has exactly 𝑛! leaves. By (iii), the average leaf depth of𝐴
is at least ⌊log2(𝑛!)⌋. If we now consider the uniform distribution I on the inputs, then
the expected number of comparisons that 𝐴 performs for 𝐼 ∼ I is exactly the average
leaf depth of 𝑇𝐴, and hence also at least ⌊log2(𝑛!)⌋. From 𝑛! ≥ (𝑛/2)𝑛/2 it follows that
⌊log2(𝑛!)⌋ ≥ ⌊(𝑛/2) log2(𝑛/2)⌋ = Ω(𝑛 log𝑛). Thus, by Yao’s theorem,

C
Yao
≥ min

𝐴∈Algos
E𝐼∼I [𝐶 (𝐴, 𝐼 )] ≥ ⌊log2(𝑛!)⌋ = Ω(𝑛 log𝑛).
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Exercise 2 – Yao’s principle without game theory
Prove Yao’s principlewithout resorting to game-theoretic theorems (noNash theorem, Loomis
theorem, etc.). That is, prove that in the setting of the lecture, for an arbitrary distribution
A0 on Algos and an arbitrary distribution I0 on Inputs, the following holds:

max
𝐼∈Inputs

E𝐴∼A0 [𝐶 (𝐴, 𝐼 )] ≥ min
𝐴∈Algos

E𝐼∼I0 [𝐶 (𝐴, 𝐼 )] .

Hint: The game-theoretic framework of the lecture is not required here, because we do not
wish to show that “=” is achievable.

Solution 2
We have:

max
𝐼∈Inputs

E𝐴∼A0 [𝐶 (𝐴, 𝐼 )] ≥ E𝐴∼A0,𝐼∼I0 [𝐶 (𝐴, 𝐼 )] ≥ min
𝐴∈Algos

E𝐼∼I0 [𝐶 (𝐴, 𝐼 )] .

In words: In the middle, both 𝐴 and 𝐼 are chosen at random. On the left, 𝐼 is not chosen at
random but with the goal of maximization, which makes the result larger. On the right, 𝐴
is not chosen at random but with the goal of minimization, which makes the result smaller.
This already solves the exercise.

Remark. Formally, one could write the first step (and analogously the second) in more
fine-grained detail by using the following two abstract observations:

1. max
𝑥∈𝑋

𝑓 (𝑥) ≥ E𝑥∼X [𝑓 (𝑥)] .

2. E𝑥∼X [E𝑦∼Y [𝑔(𝑥,𝑦)]] = E𝑥∼X,𝑦∼Y [𝑔(𝑥,𝑦)] .

where 𝑓 and 𝑔 are functions, X is a distribution on a set 𝑋 , andY is a distribution on a set 𝑌 .
The first equation allows one to upper bound amaximumby an expectation, and the second

equation allows one to convert a two-stage random experiment and an “expected expecta-
tion” into a single-stage random experiment. Applying these equations with 𝑋 = Inputs,
𝑌 = Algos, X = I0, Y = A0, 𝑓 (𝐼 ) = E𝐴∼A0 [𝐶 (𝐴, 𝐼 )], and 𝑔(𝐴, 𝐼 ) = 𝐶 (𝐴, 𝐼 ) yields the first
inequality above.

Exercise 3 – Recommendation: Simulating the Evolution of
Teamwork
The YouTube channel Primer deals with evolutionary game theory. In the following video,
among other things, all possible 2-player games with two pure strategies are classified ac-
cording to how many and which types of Nash equilibria they possess. The video is enter-
taining and invites active thinking, but is only marginally relevant to the lecture.

https://www.youtube.com/watch?v=TZfh8hpJIxo
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