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What is a Streaming Algorithm?
® |ooong input data stream (ay, . .., am) € [N]™ Today’s Motivating Examples

can only be read once from left to right . .
) Router approximately counts traffic over
® goal: approximate some value F = F(ay, ..., anm) T

with small relative error ¢ and failure probability .
— streaming algorithms are approximation algorithms

— maybe: detect anomalies related to DDoS
a chall | h laorith B Website approximately counts number of

9 a enge. use less space than exact algorithm unique users visiting a resource.

(in particular: cannot store (ay, . . ., am)).

— don’t care about running time »
? Today’s Formal Results

Formally, a streaming algorithm is given by three ) :
algorithms init, update and result used as follows: Approximate F1(a11 soesdm) = min
expected space ;5 log log m.

Z < init() .
fori=1to mdo B Approximate '
| Z < update(Z, a)) Fo(a,...,am) = |{ai,...,am}| in expected

space ; log(n) - log(m/d).
return result(2) pace _ log(n) - log(m/J)

Its space complexity is the space required for Z.
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2. Morris’ Algorithm for F; = m
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Attempt I: Naive Counting ) G (B oo ﬂ(l'l'

® want [ = m
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Naive Counting

Algorithm init: Observations on Naive counting

Z+0 ® No errors (¢ = § = 0).
return Z . .
) ® Requires [log(m + 1)] bits of memory.
Alg;"i"; ip?ate(Z, ek ® No deterministic algorithm can use less space
L T 2 ® Would have to “reuse” a state Z.
® |s then trapped in an infinite loop.
Algorithm result(Z): ® Result arbitrarily far off if m large enough.
| return Z
Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = [{ay ..., am}| Conclusion
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Approximate Counting

Attempt II: Lossy Counting o S (@ocoCia) ﬂ(IT

® want F{ = m
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Analysis (Exercise)

Lossy Counting, parameter p For any p € (0, 1] we have

Algorithm init:
Z+0
| returnZ
Algorithm update(Z, a):
with probability p do
| Z<Z+1
| return Z

Algorithm result(2):
| return Z/p

Definition: What is a Streaming Algorithm?
o

6/16 WS 2025/2026 Stefan Walzer: Streaming Algorithms

a Efresult] = m
® Pr{|result — m| < em] > 1 — 2exp(—e?pm/3).
a [E[space] < log,(1 + mp) + 1.

Corollary

By choosing p = =2~ In(2/§) we get
Pr[fail] < 6 and E[space] < O(log(1) + loglog(1/4))).

Serious Objection

Correctly choosing p requires already knowing m.
(or at least the order of magnitude of m)

Morris’ Algorithm for F{ = m The CVM Algorithm for Fop = [{ay ..., am}| Conclusion
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Attempt lll: Morris’ Algorithm
Lemma: Morris’ Algorithm is an Unbiased Estimator

Algorithm init:
Z<+0
return Z
Algorithm update(Z, a):

with probability 2=Z do
| Z+2Z+1

return Z

Algorithm result(2):
| return2? —1

1 3 4

Q 0 <8>
o2
states on
transition probabilities

Definition: What is a Streaming Algorithm?
o
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Approximate Counting
® stream (ai, ..., am)
® want F{ = m
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Elresult] = m

Proof

Let Z for i € [m] denote the value of Z after i updates.
Consider the expected change to 27 in one step...

® ... conditioned on a current value j € N:
E2% —2% | Z =jl=27 (2T —2) (1 —27). (2 —2) =2 -1 =1.
——

® .. unconditionally: =0
E[2% —2%) =Y PriZ =] E[2% —2% | Z =j]= ) PrZ =/ =1.
j>0 = j>0
Hence:

m m
Efresult] = E[2* — 1] = E[2%" — 2%] = E[) 2%+ —2%] =) E[e%" — 2% =m
i=1 -~

Morris’ Algorithm for F{ = m The CVM Algorithm for Fop = [{ay ..., am}| Conclusion
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Approximate Counting

® stream (ai, ..., am)
® want F; = m
Karlsruhe Institute of Technology

Attempt lll: Morris’ Algorithm

Morris’ Algorithm
Algorithm init: el 1 B (eree Vares
Z+<0 Var(2z') = T_ = @(iz)_ E[zzzi] _ 31(12+1) 1.
return Z
: Proof of Lemma 1 using Lemma 2.
giz - P+0(i)=6(")

Algorithm update(Z, a):
with probability 27 do L
[ ZeZ+1 Var(2%) = E[2*%] — E[27)* "2 L'; D -1y =
return Z

Algorithm result(2):
| return2? —1

1 3 7
2 4 8
O3
8
states of V4
transition probabilities
Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fop = [{ay ..., am}| Conclusion
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Attempt llI: Morris’ Algorithm = siream (i, .. an) &(IT

® want F{ = m

B\
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Morris’ Algorithm
Lemma 1: Worryingly large Variance Lemma 2
Algorithm init: ynoy ag = =

rotarn Var(2%) = 55 = O(). E[2%] = 200 1 .
return Z
Algorithm update(Z, a): Proof of Lemma 2.
with probability 27 do Fori€ {0,1} v. Letnow i > 1. Note Pr[Z.1 = 0] = Pr[Z = 0] = 0.
L Z+—Z+1 ]E[222i+1] = 222/' PI’[Z‘ ; :]] _ Zsz(PF[Z' =j— 1] oI+t + PI’[Z :j] . (1 _ 2_j))
return Z = th i i f
T =S 2Pz =]+ Y Pz = - Y 2Pz =]
| return2? —1 = e &
— j . 2j S i ,
L5 7 —422’Pr[2,—/]+22 Pr(Z =] ZZ’Pr[Z,_/’]
2 14 8 j=0 j=0 j>0
0] = 4E[2] + E[2*] - E[2°] = 3E[27] + E[2*/] = 3(i + 1) + E[27]
3 17 . ;
1 1 é Ig'3(f+1)+31(l+1)+1=3(I+2)(I+1)+1 ¥
states of V4 2 2

transition probabilities

Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = |[{ay ..., am}| Conclusion
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Expected Space

E[space] < E[[log,(1 + Zn)]] < 1+ Ellogy(1 + Zn)] = 1 + E[logy(1 + log,(2%"))]

)
< 1+ logy(1 + logy(E[2%7])) = 1 + log,(1 + logo(m + 1)) = ©(log log m).

(%) uses Jensen’s inequality that you'll prove as an exercise.

Interim Conclusion: Morris is not good enough yet

a E[result] = m v unbiased estimator
a E[space] = O(loglog m) v highly space efficient
® Var(result) = ©(m?) X
® Standarddeviation ©(m)
~~ typically right order of magnitude, but not better.
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Morris*: Use many copies of Morris’ Algorithm ﬂ(l'l'
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Theorem . .
: ) ) — Reminder on Variance
Consider a streaming algorithm that maintains a sequence

Z = (&,...,Zs) of independent Morris-counters and returns If )é Y arcc)etiadependent random variables
result(Z) ;= "SUME) T tresul(Z) For g — 1 we obtain Blnel & = W el
® E[result(Z)] = m and E[space] = O( log log m) ® Var(sX) = s* Var(X)
- DA ® Var(X + Y) = Var(X) + Var(Y
® Prlfresult(Z) — m| < em] = 1 — O(5). ( ) (X) + Var(Y)

Proof of Concentration using Chebyshev
s s Chebyschev:
Var(result(Z)) = Var(1 Z result(Z)) = % Var(z result(Z)) o
i=1 i=1

Var(X
Pr{X — E[X] > ¢] < Y9,

= ZVar (result(Z)) = £ Var(result(Z;)) = 10(m?) = ©(m?/s).

. Var(result(Z))

Prlfail] = Pr[|result(Z) — m| > em] = Pr[|result(Z) — E[result(Z)]| > em] < Vg - O(1/(e?s)) = ©(8). O
Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fop = [{ay ..., am}| Conclusion
o 0000080 00000 000
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Morris*: Use a different base in Morris’ Algorithm A“(IT
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Morris with base 1 < p < 2

® In every update: increment Z with probability p=%.

4
® |n the end: return %.

Modified Analysis (There is a bug in here, I'll fix it till the next lecture)
Show similarly to before:

® E[result] = m
® Var(result) = @(p’"gj)
Choosing p = 1 + €24 gives:
® Prlresult — m| > em] = O(9).
= E[space] = O(loglog m + log 5-).

Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = |[{ay ..., am}| Conclusion
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3. The CVM Algorithm for F, = |[{ay ..., an}|

Definition: What is a Streaming Algorithm? Morris’ Algorithm for Fy = m The CVM Algorithm for Fp = [{ay . .., am}| Conclusion
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Counting Distinct Elements
Histor ® stream (&, ..., an) € [A]™ “(IT
y ® want Fo = [{ar,. .., an}]| A

Remark: CVM is not well-known

Popular line of algorithms for Fy by Philippe Flajolet et al:
' 1984:Flajelet-Martin (deprecated)

— https://en.wikipedia.org/wiki/Flajolet-Martin_algorithm
| 2003:-Logleg (deprecated)
@ 2007: HyperLoglog
“—> https://en.wikipedia.org/wiki/HyperLogLog
The CVM-Algorithm

® 2022: European Symposium on Simplicity in Algorithms 2022
— ,Distinct Elements in Streams: An Algorithm for the (Text) Book*

® s a bit worse than HyperLoglLog
® s easier to analyse than HyperLoglLog
Next: We develop CVM in three steps.

Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = [{ay . .., am}| Conclusion
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Attempt I: Naively storing the set ® stream (a1, an) € [1]" ﬂ(l'l'

® want Fy = |{ai,...,am}|

Karlsruhe Institute of Technology

Naive Storing

Algorithm init:
L Z+ @

return Z :
Observation

Algorithm update(Z, a):

Z+ zU{a) Naively storing the set requires Q(Fy - log n) bits.
L return Z
Algorithm result(Z):
| return |Z|
Definition: What is a Streaming Algorithm? Morris’ Algorithm for Fy = m The CVM Algorithm for Fp = [{aq . .., am}| Conclusion
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Attempt lI: Storing the set lossily » stream (ai,..., an) € [1]"” ﬂ(l'l'

® want Fy = |{ai,...,am}|
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LossyStore, parameter p
Algorithm init: Let Z,, ..., Zy be the states of Z over time. Invariant: Each a € {ay,...,a;} isin Z
Zo o independently with probability p. Hence |Z,| ~ Bin(Fo, p).
| return Z a Eresult] = E[|Zx|/p] = E[|Zn|]/p = Fop/p = Fo.

< result is unbiased estimator of Fy.

Algorith date(Z, a): ’
gorithm update(Z, 2) ® Prffail] = Pr[jresult — Fo| > eFo] = Pr||Znl/p — Fo| > cFo]

Z+ Z\{a}
with probability p do = Pr[||Zm‘ - pF0| > epFo] = Pr[|‘Zm| - IE[|Zm|]| > eE[|Zq|]]
| Z«zu{a} O 2 exp(—£2E[|Zn[]/3) = 2 exp(—£20Fo/3).
| return Z — choose p = ps 1= %,30/5) for Prlfail] < 4.
Algorithm result(2): ® Expected space in the endfor p = p; (/\ # peak space consumption)
| return |Z|/p; E[|Z| - O(log n)] = Fops - O(log n) = O(*E4/%) |og ).

Chernoff for X ~ Bin(1, p) Serious Objection: Need to know F, to choose p

® for p > ps: space is wasted

Pr[|X —E[X]| > eE[X]] < 2exp(—<2E[X]/3). | for p < ps: failure becomes likely
Definition: What is a Streaming Algorithm? Morris’ Algorithm for Fy = m The CVM Algorithm for Fp = [{ay . .., am}| Conclusion
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. : i i ® stream (&, ...,am) € [n]™
Attempt IlI: Adjust lossiness dynamically ﬂ(IT

® want Fy = |{ai,...,am}|

Karlsruhe Institute of Technology

CVM, parameter T CVM behaves like LossyStore with dynamic p

Algorithm init: Consider A®) := LossyStore(p) with states 2, ...,z forp € {1, 1,1, 1,... }.
2o Let (Po, Z°™),. .., (Pm, Z&™) be the state of CVM.
P+ 1 ay as az ay Qam
return (P, Z -
=0 ( ) AQ). Zél) — 7Y —; Zél) s Zé” — ... — 2z Intuition: The path of CVM:
Algorithm update((P, Z), a): ul Ul Ul i ul (x,) < (0,0) //top It
Z<2Z\{a} A0/, ZWD0 Za0 LS4/ L a0 @, s tor) ol a0l i s
with probability P do U U o Ul v X < x + 1 // goright
L Z <+ ZU{a} A/, 231/4)@) Z;l/")% Z£1/4)®Q> Z§1/4)% %Z,(,}“) while lz)gg*y)‘ > T do
while |Z| > T do // shrink ul ul ul ul Ul | ¥ ¢y +1/godown
Z o A/8). Z((]l/s ®®®Z(1/3)®®®Z(1/8)®CD Z(l/s)@@d} » 0)@@ (1/8) (ZC\/M ]&(”.] : ) @)
forac Zdo final state is Zj,

ul ul ul ul ul
with probability 1/2 do 5 - 5 5
L z/ - ZI U {a} l . . . . M
Coupling between executions of A®) and CVM:

(Z,P) < (Z,P/2) » AlP/2) yses coin tosses of AP) and one more. [SitEs i e eoupingy
return (P, Z) “AlP/?) keeps half of what A®) keeps.” a Z(CVM) Z(P‘) for j € [m]
oo ® CVM uses coin tosses of A(P) to process elements. ® result®™ — result(Pm)
Algorithm result((P, Z)): u result
g ((P.2)) ® When shrinking, CVM inspects past coin tosses w fajl(CVM) — f5j|(Pm)

return |Z|/P
L urn |2|/ done by AP/2) (the next unused coin for all a € Z)

Definition: What is a Streaming Algorithm? Morris’ Algorithm for Fy = m The CVM Algorithm for Fop = [{ay . .., am}| Conclusion
o 0000000 0000@ 000
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Counting Distinct Elements

e 0 AT
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CVM, parameter T Lemma: Failure Probability and Space

With T = 18&@m/%) ye get Prfail®™] = O(8) and space®M = O(*E/ og ) - [log, (log, (1/P0))]-

Attempt lll: Adjust lossiness dynamically

Algorithm init:
Z+— 9
P+
return (P,Z

AIgOrithm(updaie((P, 2),a): ® Recall: Lo§syStore(p5 = %;@) has failulre4probability < J. Assume p; is power of 2.

Z+Z\{a} ® Then Prlfail®)] < 6, Prlfail®®)] < 62, Pr{fail®»)] < ¢, ....

with probability P do ® Therefore Prffail )] + ... + Pr[fail®)] + Pr[fail®)] < ...+ 88+ §* + 62 + 8 = O(8).

Analysis of CVM'’s failure probability (a bit sketchy)

| Z+«Zu{a}
(Z,P) + (Z',P/2)
| return (P,2)

Algorithm result((P, Z)):
| return |Z|/P

L with probability 1/2 do

Definition: What is a Streaming Algorithm?
o
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L 2204} : Pr[Pm < ps] = Pr[|Z2%°)| > T for some j € [m]] < m - Pr[|Z7)| > 7]
while |Z] > T do // shrink m i = = m |2
2o =m-_ Pr [Z>T]Em 2T <m- 27 emd) — g
forac Zdo Z~Bin(Fo.ps)

181 2/0
where A uses a Chernoff bound and 6E[Z] = 6Fyp; = # <T.

 failo'™ & failPr) = (P,,, < ps Vil viail/2 vy fail(Pﬁ))

uB
Finally: Pr[fail®™] < Pr[Pp, < ps V fail) v fail/2 v ... v fail®)] < 6 + O(8) = O(3).

Morris’ Algorithm for Fy = m The CVM Algorithm for Fop = [{ay . .., am}| Conclusion
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Conclusion ﬂ(l'l'
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Streaming Algorithms
® |nput read only once, from left to right.
@ Goal: Use little space. (less than what is needed to store input stream)
® Motivation: Network actor wants to maintain statistic on traffic.

Morris™ Algorithm for Counting the Stream Length

® approximation in space O( 5 log log m) // or O(log log m + log 5-) using Morris*?
(e = relative error, § = failure probability)

m deterministic algorithms need space [log(1 + m)]

CVM Algorithm for Counting Distinct Elements

® approximation in space O(Z; log(n) log(m/d))

Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = [{ay ..., am}| Conclusion
o 0000000 00000 ®00
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Appendix: Possible Exam Questions | A\‘(IT
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@ Definition of streaming algorithms:

® What is the task of a streaming algorithm (with respect to a quantity F = F(as, ..., am))?
® What is the specific challenge for streaming algorithms?

@ Streaming algorithms for F; = m:

® What could be an application in which one would like to estimate F1?

How much memory is needed if one simply counts? Can a deterministic algorithm do something smarter?
How does the LossyCounting algorithm work? Why does it not help us here?

How does Morris’ algorithm work?

Prove that Morris’ algorithm is unbiased.”

Prove that the memory usage of Morris is doubly logarithmic in m.

What other weakness did Morris’ algorithm have, and how did we fix it?

Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = |[{ay ..., am}| Conclusion
o 0000000 00000 ocee
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Appendix: Possible Exam Questions Il A\‘(IT
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® Streaming algorithms for Fo = {ai,...,am}:
® What could be an application in which one would like to estimate F,?
@ How much memory does the naive deterministic algorithm require? What can we achieve with CVM?
® As an intermediate step, we formulated the LossyStore algorithm. How does it work?
® How does the CVM algorithm work? How is it related to the LossyStore algorithm?
® |n the analysis of the error probability of CVM, we distinguished two types of problems. Which ones?*

Definition: What is a Streaming Algorithm? Morris’ Algorithm for F{ = m The CVM Algorithm for Fp = |[{ay ..., am}|
o 0000000 00000
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